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Eliminolion of Z._ types 55 meous ;? Mbrospective types
Maastow. M Fok(.«iuga, 8 febe 1988

We extemd Ma (tarwm awd) type [oruakion tules of

How Q%{ oreler) typesl A-calceli M Moo rete:
(Re-M) s a type, whemever % is a torwm wrnicble
awd M & e Hype:

This 'L:jpe is called Moo tubrospechive type, fbecauwse

2 stawds for e torm sl o wluich Ahis tjpe

ts anigned . Cause—qw'\'\ej, owe ¢f M tjpe L\«Fenewcg

Neles teasls: 'groua\ N:(R&M) ouelioly, N M[2:=N].

We shows Mot Mae /)\Tav\g Z-tdpe-s (Wwith St
two ProyJ{ous T, awd T,) con be bausdated

Wte  TT- types plus Mar ntrospechive type; (v ¥
ranmslation Mee s wo waed %:c T:jf.eTspe)



A. Twbroducchion

Thete is a aliong Unlerest in tgped A-calendi for 2t
Least boo rearous. Ow M one Loud fthere s e
proposition ~as- tupe wlerpretation. Mat Leads to wusi-
dec  puitable  typed A-calcki as a formaliswa fBr
owshuctive mothawalics, ef.  ([Coquands Huek 14857,
[Mastin-Lf 975], [de Beygn 1980]. Own Hhe sHier faud
{'_Jped A-calewds Fwwx a wwodel a? wodern. awd ?u.tu.&
Qroarauw&va &uav.aﬁe.s, vy Ya.c.&li.h‘es Kike alslrack
data bbpu awd waodules, C?.TEFDW\AﬁCL 19831, [ lliuga
198}], CBurstall & Lauspson 14847, [Cacdelli 1986]. Quir
essewtial v both approacles is M presemce of depew-
dowt dypes; Lilke (DA B) for  Hhe type of funclious
M\MAP xm A Wb elewents f B (Whew B way

ol.qw\w\ ow x),

The depondent bype ZA B —uhee B way depend
ow % — 5 e type of pais (ab) wih ain A awd
bim Bleza]. Trom M Lodical nide, Ais type

s strowgly velated o I:A.B (just s Ma: AR

s relaleA to Va:A-B). Trom Me Prograucnai g
pde, ZxAB s relaed o abslrast types, o
(Foklinga 1983]. Givew o paic @b of type  Zox:A.B,
Mo projeckions T(ak) awd (k) Yyald a respechively
6. It Neewns meosscble o express Z, M, W awd
(> @ lorwms wot wing  Z,m,m, O,

T [Rzﬁmm lﬁ?‘d
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Tn ovder to do Me trausakion 0? Z, T, m,{(> we
wtroduce awoler &dpe_ fovmqﬁaw tuwede:

Roc:A. B bqpes AR
Rie.A  is a type, for any vanialle x awd type A.

This prz s called Me fotrospective tﬂpe, Lecawne x
stavds for Maw Lerwa o whidh M type s msvxwt
Cowrequantly oue of Hhe type (ufereuce rules readls

(Qunﬂ‘ 1Y)

%om N: (Rx'A) conclbude N Al2e:=NT .

T turns ouk, aud wll be dhoow below, Hat LT,
T, <> @w be expreasd (withowt Z,m,m,<y) wsivg

OMLD TI- aud introspechve ’cﬂpes.

We howe invewled nwtrospective tjpu /m% $or Mais
purpose. It rewoius to be peenm wheffer /““"‘j ase
of oy fucthar ube, aud what desrable properches
ate MLost bd add,t\tﬂ Ldeo spechive 'ttspe.s to a tjpeot
A-calewlus.,

This wale s o formalisation of L Bldunga 1934]
n ubide  ntrospeckve types were presemled  origi-

MZ&d.
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2. The typed A-calolus

We »hatl Qup Mae tbp‘«.vﬁ /)tptn.m an conservalive
as possi\ole: e Ngﬂ.:u'.vx _%Dwx. /bh',pufaﬁ\kg *3 %
(whare % s merprelzol @ Ahe 'Lt,pe of types), e -
coune we cawn do W Ahe  oincpler  x:oxx

(amd wows % is Hha type of tynes, but * itself

s typed W ¥#).  We obatl fint defne the
sk of tarms, amd Mo 3\.\/@. M t:jpe L\A@-W
Cules.

Postulale a Couw’ca-@&j wmfinle set O€ Mo - calleod
vaniobles. We Lek 2,4,% vary over variables

Teoms. Terwms ate lnducekively defiwesl as follocos.
*, ¥ are terwis;
Lk o be a avactable andt M, N be termns, thew
2, pe.M), (GaeM N, MN, <MN), Zx:M.N), mM, .H
are terws.
We Lok MN AR vary over terwms; n parhiecdar A, B
vary evec tetws for which we fawe amuwad or caw
inr Mak A:% awd Bix  (nee felour).

The wotious of ?re.e. vasiable FV  auwdl pubshtuhien
are defined im Me wnal oy in Mus respect
TuM.N, ZouM N (ad Rt N) febave exacty ke AxN.

Oumz&t wrile A-B) £ (TocA B) whemever x§TVR),
but we ol wet do so. o
Notice Jhat i Qx.M) Mere is wo type mdicated $r x; Yk

> A Po;«?~n]z§./
tzrm wj«ﬁme Aevenald fﬂpes aund we sl wse /_@'?-L“W (’"[ J
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Type inference. Hete we List Me rules for z.v\%.naug
?ofwmla.z MiN W A nTv(.L of natwral deduclion.

(¢) X ¥
(ac:A] (:AJ
(n—’_) A: a B:* ('“‘**) A‘. o B: ## a) € {*, **v}
(TTax:A. B): ¥ (Ta:A. B): ¥+
(:A]

) A:0 M:R

Q€{¥ x%)
(AZ.. H): (‘TXA B)

provided Mak i M right Rawd pide Nubder-
vahew [,%:A - M:B Mete are no @suwphows 4:C
wwh x€ FV(C)

®) M:(Me:A.B) N:A
(MN): Blx:=N]

oy MA A=A AT ol e
q) 1 {# #

(x:A3

(Z%) /(“Zﬂx-ﬁ = i* 0 € 4%, ¥}

() MEA_N BN
SM,ND: (ZExc:h. B)

() M: (Zx:A.B) (M) M:(Z x:A. B)
nLM: A T, M. Blax:i= r,M]
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We rhatl wet consider a tule (Zx¥) Mal s relalzd
tb S M dix¥) is relaled to (Ty; it wowlat“'kpre-
5u.w«a.2£c3 = Proble\M.s As aw allerwalive to M
dup&m of Mo (uler (owe for B=+ avd oue
For O= #%; alw one (%) awd one (T¥Y)), ove

might Mokl of oddivg e cule

A *
A: %%

M ®, bry ).

. >Ex)
L erarinag—alf—teles—im it a fov anodas M “““’")’(‘“ (@)

avd  Mew”” /\‘LFenew\g — g etn} " errguben by
“gefux}’ (aud deleting—rele (T4, (2+4)-). We
hall et inveslgate Muis dea. The iulereshed
veades oy cou Sulk [Coqua.\.wl (386, Sechow 6., 6.21.

HH*

X Foiw T
 Aaving HA+ e.rcr:jm{Jx. ¥ occers now (exgept iw

Exteusion ik inbrospedive types

We addl to HSe tecwma %\Ma:tu‘m cukes

(Rx:A. B) s aleom, fHr variable x auwd terws A B,

-

anwd tv M type Luﬁma vules

(e A3
Ry A0 B: ¥ 0 € {%, *¥}
(R?(:H. B): %
@:AJ
R-iwhyo) Pux  DBix MA  M: BDe=HM]
M:(Rx:A. B)
M:(Rx:A. B)

R-elim)
M: B[2:= M7
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We fave e wtrospeckive ‘:,jp“ Moe Neewe hape
ey [1- auwd Z-‘:jpc.s: MM ('.:jpc D‘?M bouud variable
is a,xp&lcu@ oadi cated. . ’PPC)LL\MR»G% N s wnet
Kx.B) o be a terwm Ackher Mo Rx:A.B);
wae,uex) e Malll whe x wihin B i wo ottar
woy Maw sugaeted by type A.

We cow‘jeobuxe., wore oves, Jhat vo propertas of
M the. tnfeemce Myplaun. ace st f e thuee
Lefb Wt premissesr of rwle (R-iukio) are ouailted:
Wwe have added Hewn Sor Aaveky's nole., Tw
Min Wouy ik arews dear Shat, for exawmple,

M /)h‘a% nworwmalites Leecawse MIA a,beaolg
quatomizes Hthat.
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3 Earpressing  Swwms in other torwms

We counstruct tecms  Suwm, taie, Tst, Sud  NMat bebase
uac)fea Lbe Z,$, R, T, . E(\NA% Lk a and
b 4e variables, and Let [ be S amuwmphon list

ak, b (Txa.¥)
Mean

PF Suwm: %
M Pauw: Mx:a. Tgebx. Suw
ME Fb: T:Sem. @
P Swd: TR:Suw. b Bt 3y
omd
fst (faxr M N) =g M }
Rt (Raie M N = N provided T'F M:a, N: b M

The prodf is aem wn Me wexd  Aeckiow; here we confine
oursehves to M wbibive, (uwforual developurast.
|
1? As om aid to Me readeu we Aist Rete ownr cowvemtiow
e regasds to nawiug:

a, b, %42 f 9 at vaiables,

a:*; |

L. (Tc:a*), po Makt Lbxx € x:a,

x:a,

Yy:bx;

F= Rt Tlxcax W be the fdp-t. of £, 6:F;

6= Mxa, y:bx. £x  will be atdpz 4 9, 5:@;
G'= Nx:a, 3;47(. A Wil be a %JN # 9, 356';
N 7 : Suwm.
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We would Likke 4o comnsbruct Ahe terwms Tair, sk, Sud
awd Suwa b:j aa\ApHvxﬂ awd typiug M convemhional
toding of pairs. So our fist altewmpt s

Taie x  Ax 4. Ag. gxy
Mca ybx., Tg: (Mxa g bx. 7). Sam 7
st = 22, (Ax y. x)
. Tz:Suwm. a
Swd = Ar. t (Axy. y)
. Sum. A (Fst &)
Sum = 7

The ?ust problem. s M terulk type of q: ??2 fan

to Be a uhew ca equals Qxyx), awval R £Lan to

be ki fow g oquals pxyy). To expes Ais
Jc&p.e. uw'»%rvw@ﬂ, we add ocwothes \Da,ca.\melu', ,j?,

HNMak ?mecants Ny fﬁpe-. adfen %aqy.a.u Ax y. %)
telee £ & b (Om.a), avd whew % equals (Ax y.y)
tale £ to B Dx.Br). I Le¥ cates F= Mxiax

s Ma type of §, do Mhat § Uself cleesnst Onbm-
Auce %,,r%..u ?mue.wv.). W Howe (Wh 6= Mxa usz. fa),

Yo = Ax y. pY 9. 9 x4
e gbx TEF g6 Seect £

FSE ) 2. Z (}Z.a.) ()x (3‘ x) "A:é.-uum

R

TT2:9uwm. a

2. (A Bx) (Axy.y)

T2:Sum. £ (Tst 2)
797

Swd

2

Suw



The wext problem. © to Rud o puitable tern
Sum, Mak @w ‘ve wed i bt Badr  cowdl
fst, Swd. Within e ax wuarf-}. talie Sum=
If:F 6.2 ar M type £ P = (Af 9. 9 xY),
buk o % sccwrs Pree in Suwm, A0 Suw
auwunet be wd ouwhside Tau. However ave fwowr
Mak 2 s to be (Fst D), o whing ntrospeckive
(-.(jpe,a me @wn  eliminake x:

Sum = Rp: . THF 9:G. F st p

We are Qft v Ma problem of duﬁv\&uﬁafﬂpa
%-r P (EJCM \g M -ﬁ:r\M.nvt b‘? wtrospective {.5026
s Rp.N) rnallr Soam (Re:M N) Ay sl Rave

0 -?\v\p\ M it order to L\A?r a {ﬁPng %( Su.wu)
CZQOJ%MWMEW Suwa M&%p&%f?,
Aecause Mo taowmi Sum  wowld Mew Ao a
o celot d.ﬂ—?{wlkow — it uwwd be an tufunike
terwn . Tt Lappewn Mok we cam  take

T F % G. a where  G'z Taa Yibe. a

w Ko type Boop Min SewsT (Notice Heat
Wbodaessdh Me occcnrence o Tk Wiin Sum

1S wot Mawwl Noa 'Ej?l- (TTz:Sum. a), but msleot
Mp(TfF g:6. a).a . This is a legal Hype for
Fot 'w\&f&d)

e

f it 5 albo a .@zgﬂktﬁf\tﬁr T wiun  Pair,



Sum = Rp:( ITEF g: 6" a). T(:F 9:G. § (st p)
Parr )xg.kg%.%xg

A,  Qxea) Axy. x)

Ar. T (Ax.bx) (2 Y- 4)

fst
Sud

N

1l

)

53 a\ostraol—i.vxﬂ ?rom a awd b re even 3,0/&

Ao b, Suwm
Aa b, Toir
Aa b, Tst
Aa 6. Swd

u,sms Mese, it ts eary to give a %ﬂuta.c/lu‘_ HKoweo-
worphic,  ‘Cowves b Liby - tsowner i “A-caleedans troms—
%rwah‘ov\:' Mok climivals Z <), K, awa T, m
exfouge for T2, @, R. (¢g- [ﬁDklulvﬁa. 1987 <]

%1 Me wokiows of “Avntaoﬁc &omowp&xc:' “Counves ti -
biub‘) - sowwrphic’,  “A-cadedis tmvtsfcrw.wh’ou")
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Y. Proofs of Mo correck bebaiowr of  Sum, Yaic, Ts€ Sad

it sk (fair M N) s M, Sud (Paie MN)—»p V.
Yosf  Cany.

IwMAe.que nhatl ?mqum*ej whe /)ovw:.b:f
Hoe faﬂou\w& adrumphiown  awsl alobrevialions,

a:* F= Taxa.x

£ (Tx:a. %) 6= Mxia gbx. fx
x:a 6z Rxa gbx. a
yY: B2

§:F F= Afg g=y

A skt of amumphions W be abbrevialedl b,j Ma
Lfh-Savd mde variakes; eg. abxy, ab awol soeun,

2lemma. There exist desivatious
Di: akb | F: *x

D abt Gx

Di; akbfl- G:*

DM: alb} Awa : F

Dsi ab b Axy.z: G[f:= Axa]
Do: bt Axy.x: G[f=2xa] = G
D3 ab F dx.bx : F

IR ab | Xxg.'g:G[F::)x.Ek]
Dg: by | (TR:F 4:6. $) : %
do: b+ (JIfF 3.:6.' a) ¥



P(‘oo{. Shaiﬁ&kfafwa_(d, Notice Jrat Me ou.ﬂlzj p‘..ance
whore  (Tex) © wsed, s D1 (auwd Me ploces whor

Du C\:w&? is nvoked). Tucdher (MM wile 0=%0) s wsed
n Sote Dg awdl Do

3 Levwawma  ab} Tt (TCP: (ITF'.F' 3:6'.0.). a)

Proof
, 40
[:s: (TIF:F %;G. o.)] Dy ®
s Ax.a): (Tg: 6. a) D¢ o
D4o 5 @%@ Qxy.4): & 30

As. s (Ax.a) (Meyy) ; [s: (TTRF g: 6. a). a

4. Theorems abt Sum: ¥

Peoof
L Lew\,was______"
st (ITP-.(WF-.F 3:@'.4).@ [P:(TTF:F g:@'.a)]:;
[1]1-:-*)]& Tst p):
o F:(Mx:a (st p): a
D3 Fstp:* o [37
D (Tg:6. £ (Fstp):¥ [e R
Dio (7g:F 3:6. g &b p): R*Lpl?

Suwm: »*
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5. Lewmma abxyf - £ (Fst P) : *

?roog
[ . /7 14 :
9 G'] XA .
3x:(n3:bx.a) '3:&):.6
Da x4
[ I AlgY
Du {)«é. 3 4): (g G a))[{—’_]l
Lewawnmaa 3 P = ()j? 9- 9 xca) : (TL'F:F 8:6’. a.)@
f.F (EBst P): a ®
£ st D)+
6. Theotewr. ab b Paicr: Txia Yibx. Suwm
Prov
[g'. 631 [x: a,]"
9x: Ty:bx. fx [3-.5::.]3 Ceva, €1
e 9%9: f= fr=p fBL D) lewwal
D3 9xy: FO* By
D (Ag. q2xy):. Tg:G. f(Fst E)MFJ‘
D, D, b’ Pz=(Af 9. %xy): TEF aG. f @t D) Rimdro
P: Suw
b:lx:a+ [g'.a.]q E‘I

bx‘-* Afg]s
as¥ (}%-E) : (nu:l:x. Sum)
Ax 4. D) : (lx:a y-b. Suw)

(x1*

whete D' abF P (Tf:F %G’ a) s showon witfun lemawma §
amd  D: abbk (T6:F 4:6.a): %  awd D't abp}(Nf:F 9:6. f(Ft p)): ¢
are alreody contained W  abl Sua: ( Reorewa 4).



—I15—
7 Theotewn ab |- Fst: TTe: Sum. 4

Proof
[2: Suw ]’ _Relim)
2 MEF 9:G. § (st 2) Dy, @
t may: (Mg 6 PEE L= dxa] D5
T Pxa) dxy.x): £ Bt Lf=Axa]D =g @ & ép
Thwmy 2 (Axa) (Axy.2): a /
Aty

Az 2 (Ax.a) (Dxy.%): [((2:Suwm. a)

8. Theosremt ab F Swd: JT2: Sum. b (Fst 2)

Proo

[%-l' Suva Relim
: NIEF 9:G. f (st 2 b
t (Mx.bx): (Tg: G. £ (Est y)[F= Axe.bx] D8 g
: (dx.bx) (Axy.y): F@te)lF=docbx] =5 b(Rty) _D
Thm'-f T (Wx.bx) (Axy. y): L (Fst 2) ALaT G
Ae. 2(Axbx) (Axy. y): TTa:Sum. 4 (ft 2)

where D abzl Pty * s ay Hllows:

Thwm 7. Z: Sum

T 2
b Thea. st 2:a

af:d"sl:;); *

Q
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