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Sowe Mumkuna/ﬂxs ow _von delerwiinism
Moartom ?D\Clauga., 14 Aprd g3,

A colleckion % private opivious awd {Bwugzut: on
e desirability, wecessity and wmanagabiliby of
nondoloruninism ts presemted . Together ey coustitule
Ma A&M ado-pleal and extendeo aconteunts of
twe previous wales of wive (in DuteR) T am ﬁ..,e(j
avare of Mo fack Mat ol topics treated Rere an
presumally treatidl wwich tefter un the Lidecatwe,
T weleowme cuny specifie or %o,vmral (‘c?&mces t
Me Litorature amot Qg commants or MH sisu
Me reader Mﬂ%.ve These woles Rave beow
wrettn ashily  ou speciad request.

* A A

Desirabili by ccf- wonde ter waiuis m

1. Ouoldivg cverspe eifieation.

QVO\AL\A3 overspecifieation is aatuwta%e-aus ;%x Ha pro-

Cem of  prograun development . Homee M prograva no-

takion sheould wat ?mc.z oy avestLeu\.-F‘ca)iUV\. Sewg -

tiwes owe eom ik o @« set f  pewibilites, eack

o Wik 15 ar coed an awy offer fa/ *e purpose uudles

comsideration. One wewy Haw  exprew s

() by wsiug peks of vakuas, rether Mom owe sl
NI NI

() by wing o choice operctor Aot e vemous pemn-
bilthes as flo otternatives fow Wlick te cboose,

possibly  eacl. alternative ﬂuMdeL A powie spnclibion

o
B



-

for Ahe purpose of programwe  davelopurent et e
rek @ pomibilihis awd Ahe set of atlernatives for
Me choica operater mon be infinite! Mowever, for
exeentalility i neems aloan Mok Auch acks wctt
fe fnide: o wacline cawnct wake a choitce ouk
of om Wfiwile wawbier of poaribifibus in fwile biwe,
(et Least, wot v a fair chamee &r cach of Mawl).

Nole #Mat Hrs priwt d;f VCL\A g‘wes rise to Ma wobiow
of “sewantic m?\.‘um&”, dewoled by > slbeniles
Trewamtic Lalu,p.u%” o usual cdauncted by =): e=e
weams Mot LW expremions woy deliver Abe pawe
erwlhs LC\«MMﬂ nortermiuakon), whereas €>> ¢’
wmeams Mak cach pomible W&QF(LV\CJMA—L\AS nwoulen w -
wahon) s alo a povible terett of <. A—M&mﬁk
nowndgleamainis wa Moy Be of aolvawd'a.%zous @r tha
progroum  Aawelopusesk, Ma ultivaty goal i of
wube to eoustrwet o progro.u which s Just a N—?{-
newenk of Ao specification: it weedls owly dmebfe
o dellven one posibie.  resuld.

2, Eane o‘)’_ Y.)vosfcxw.vwl.vg.

?m%mwm\g s wode eanier when Me programmer
Moy d.a,\.x.sa-trz. "choosing the right alteawalive “ to
Me wacking, cather Mow Pm%mw'“"“"}j’ M, riazu'

-3 -
tors awe Jeew \m'o\omal. (callock augelic cholce
divergewce avoidiug
A a.wﬂaadw.hs) nefich  free Aa progiamwatr qf
rome ol Lut  burden Mhae woekiva vt " ba.cl-
bfa.OQIJ.\A.S" (in e %&:Gal or Lpeal wo), ?wom,ﬁﬁa
T cdo wet Lle Mene wsushuiets.

3. Necewty.

Whon one wowts o deseribe conerrentty ap-w»('wlﬁ
hardwong) aystews  Ln a -fuw:z\xowaﬂ (or LVV»W
Vouy, one should be avere of \,&Wuc{. ;mm\g
ppeed of M vardous components. K Seems quite
wmponible, Aowerts; o Moy track of He time

(ak hick s ane semd awdlfor recleved); i
MAY be r\‘m“l‘\‘o\e;:J@\Jj it sSeews auub. uw.@miue to do
0 ln prackise. The wwost \orDMSwﬂ /M.g to do
scewms ko abstack froun Xiwae  (aBiolute avd reledliv)
aib%zmd auch insteadt Lok Hhe apeeds be Lefb
wncelermineot . Thus noudeeaminiswm emlers e
pietire;, (vgk rolly as o neeematy but rathes as

a prowdsiag a_pproo.w&.) More precisely, M lolea s
b wwdel Mw. awmerse of two wemage Aheaws
(s0 Mot Me ordes n tha wergeo stream s comple-
tely delowmined by ke respechive arrival  tines)
Ly o wondelaswmnistic werge  (uhick owly  requects
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Mo o ordac within bt Steecoavas .S«".Pa.‘ra.'tlz(-ﬂ ).
Moteover, Me followsing chservation of reakity (whick
s ukat we wank to deserbe funchounatly) Leads

W Me requitemant of faitwen of e werge opera-
tor: M ockual produchion of a wenage tokes sewe
fime owd at fecst 4 kiwme et Say, Ao N ackual
werge of wenege Aweamn mALL prodiace tn M
meged  Aleom  eadh  ebwe wemage eventually
(PCV\A-QMAW: Me erder wm Ahe revelt sheawm colucloles
e Mo aovivel erdets of ke wemages auol these Limen
Qe even UnUeasivg by ok Least 1 Gwa —umit),

We shall wos phhowr austher Woy of avvicing sowe
overspecificokion (ether Maw “eloosivg awsug
o bek off pomibilities), Tk Aumms out Mat Mhe faic
hondBavministic wxge IS ageun Mae weodeol con-
Tk, Gousicker o Lik A awol Hhe sek B of
a«afrjztzsl—s owe A, m)hmm.ﬂﬁj Ve wioy oULFu\L

B oar HMa pwallest ek Aakisying  edhen of

={U3® {ab | ach, Leb]
= {07l v {a &) 6eB, acA}
{a: 6| eA, £eB} o {CT}
laik | ek, acAl v {13}

L

1

b
B
B8

8

~5-
B={tluvikl|aecA} u [L+w& | b8 ¢€b]

One Wiy etemplodin. represent schs by Sowe
enuwmerahion 8 Mair claweuts oud owe Moy be
tewpled o expest Ahat a Muple trows ciption of
Ma rek-wetakion o Ma A3t wotation would gwe
correck  defiwibions for a represemtection of- B

B = [[1] 4+ Lab | acAy L« B]

B = L) ++ [ab | beB; a<A]

B =Llab | aeA; 6<«B] + [L3]

B= lab| 6«B, a <Al + LT1]

B= [L17 # [lal] a<« AT + Lo+ 6| 64« B; ¢'<B]

}
\
[}

However west oln%\'.wl.\"xms WL %Lm’. BV ", VYtV
velue to B vanious prasibilihes are (fr A=T0,11).

= [ L1 U], U1, W), @403, --- 1

B

R = [Tl el [o0l, [onoo0], - ]
% = Llgo000,- -

B = L L = 3

& = [ (3, 003,03, L], 00], 03, ed,0e3,043,...- ]

And ewvom weitRec of ke ah%\m\-\cms s wrrect if Als
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(,V\.F\'_w'dﬁ., Howeueg NS orL%Lwa.Q_ jaMamalical db?(wl—
hovs are womect Sudh exaoubable providad Mrat

A reks e wmode o «(Dfo%mwwi.ui @uﬁuﬂ%&
olwtakﬁ{\ﬁ—, Luplowmentedt by , Aoy, dome eman-
wzradiown b? Aoie 2k memts,

A Me wnon operator U behowes @ a fawe
V\A‘W\%aa? s two cperavds: glvern Mo o
Lists wlich represent seks W showlol weenge
Mo no Ahat cach laweut  eventually
appears n KMo rematd Aist,

Of-wws-a, M fo ] aeAl Ke epsilon B b
Le teod as a %cwakog—)w&ukﬁa»« a wewdsership

tort, amd  ‘aeA 6B’ stouds for @&« A%B
where
(1B = {}
@Ry« B = {(a,6)] 6« By v AxB .

£
OMA /ﬁw\;mha b, 6B atands for (6,6)e B%B, §§
¥
Thue 2vem oukside Ma Seope 0,? conerrvent 555to.w/a \\5;
NMe ?eu.\‘ wonadelewaiwa sHe \NWJL%Q eaiters Aka F&c{u.m_ @S, WM.
Tt phould be wotnd  fhoweser, Kak union & eonplelely
defenministic an tegands to sets: a» Lowg an Me

P

—t-

representodtion of peds s wot aeeessible  by4ha prograwm-
wet Ao commot olect awny wendetewminacy. (Awal
g cowrse, whem Mare s an cholce operakor wuick
takes oy Lewnant f a Bet, of uhew seks com be
convertadt fo Lists, Hhew woucdklerwiniswa is Aeandy
preseact )

2. Problems with wondeterminism

The nbrodumchon of wowdaterminism gues  several
lorvblzuds, WLU

G how o Lmplewand U,

) Ao b gwe a dewctaiiouad gewmawbics 3@1’ ik

(@) fow b reason abowl t  ln prachcal proglauy.
We com be very braf wth respect b @) Mo final f
nwowdelawminiswm we e ta ;ﬁuou of s wiev Luple-
wmerlod . (Rowewmber alro HMat e propose to wse
nondeleamindsun oweg’ b awid overspecification,
fomer & 5 wot e cemany :@f am Luple mewtation
b yeld cll pmr‘x\oi\).hhs.))
%MP%M@MM&@U; we are convened
Mak on e time angthivg com be deseribact
o dewotalional fashion, aven gotos, sewaphores

X :
) evon abstracting Ceow -hwxms aspecks s a oy to awvoid  overspecification.
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gl owngelic vowdderwdwism o What Rave Yo
Much wore Lmpertawt s point (i) Jow con we
reason about Ae eorrectuey of pregroims  tnauntuing
wondalefuadi s, ouwd  uhat furthar restuckous
ahould e Wwpose own nonddlormiorism i order
Mak s fearowing fecowmes practical (utlde

AN ] N«Q\.Cn.ui\xs Ale Soa.Q.s for Whick  usndalemiinising
Aoz boow nkroduced). We arhall owly  esmiicder
M prunk Lelows, amal wore specifically we shatl
owly deal anke "e.aluﬂzli.owaﬂ Mmavulug "

Pmui,wa a pmﬂram?cmot At respect 0 a spec&fx‘c;a,&c\a )
weams, uwdel egquabtional ﬁé@ow{wﬁ, Makt s U:;&L,!L
s o léro%ra.w" (ak o very —9»«.8/8\ level of cbslcackon
and very ou.au(ﬁj Aeids-ftjtms He weeds of Afe prineipal )
ond Mak one shows Met p= s (p is semauntically
cquak o s) or at lant p«s  (pis & sewawhicatly
o l\@?&vxevwwd; £ ). Tn order Mot M s pracki-
ol Mo telakion = pheudd obey Me Xaws of equa-
ity vl

refloxively: x=x

Aywmwelry:  x=Y  lmples  Y=x

tomsibvely, x=y =2 implls x=2

onglnaney,  X=y  Lunphds ClxJ = €LyJ

f‘” any  prograve eontext €L J

~9-
nubsthdively: =y bmples Bx)e> PG
Br amy predieats B about
proghaas (buitt wp frowr
p=q awd p»q a elewen -
tar .oN.oLiAWS)
Moreover, to fucther Laws shoutd glve M = -
relakion Ma intended ulerpretakion frowely
d.a%.vmhm %‘(‘ awy  pregiosm definiHon,
s = s
"wh.thw(‘.j": X=y '\F BT(x) ava BTLY) ang Ahe same
' (he2 below)
Adrwally, the definbion-las s Mo bela-rule e a
d&ggw&n_a( forw. T the lontlauity’- faw BT stewds
%t Bofom Tree ;| Mat s M (powaibly 1w rwite) fead-
wormal frwne. Tor %Lnﬁm&e Bifam Trees e
precyrovanes /re\BuM"f we wnduckon o prove eciu.aa&{:d
of M Bohu Trees | induekion fr = AS Muns ouvided.
One way Loweser demive from Mus Lows  apecific
nduchion Laws Mk an  Jestt's Induckion of
Tucwarls  Particl Obpek Tuductiow. As awn exawpl
of Mha use £ Mo ‘wutinaity -l eonsider List X
dafinad bj X=X awt Mew tf‘j b sthow
Mak X=1:X . (Nele Mat /(rb Las @2f) owve alweys
Ras an evom wuwbes of onis ad oue sde amd am
8dd wuwmbor o e ofer side | BT(X)= 4. =@)>
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For nemantie refinewant it is wot clear what Laws
b expect; M «fa'eﬂounwg A unavoiodablR .

) x»x

fausy)  X»y Bz Lwmplas x»e

(w\c.sr’) x>y waplas EIx] s ELyT
I cowwnst Mk 9—? o ebuious (Erue) a_m.a.LoﬂuJ_ ::r(—
HMa jrua@a{:i\'w‘rl\rdﬁ aw, Ooth exe =(Be= 2¢))
onol exe = (Re)> @) are fabe Ln geweral.

let us wous comsider nonddaruaiudSuw weore Speci-
r(‘\;c‘ﬂ‘j‘ f" o i- E. .l 2 Z c ‘ 4@ A .
Recatl Mat Me isemomtic cquality relation s
o weam ot Brth Moes fave Ma pawie  ponible
(Alorminaty) resulls. Based on His tilenbon, e
tovgjechure Mok Mha Ravs gvew above arn truk.
A —farwuﬁ. proc? r\e_alui.rcs Mak  ne qive o _?arwxa,t Re-
Luibon of Ha landed sewombic equatity. We
ARl Wt aklempt o give auck a definiiion, Lek
alowe prove Me conjechere; Ma defads ale wet
cleas +o ws, at Ko wowemt . (T wowtol weleowre
awy HAinks o tederemess bo Ma Aiteratune where

HMuis s alresay ocone!)

Nevectheless e 2fal now argue Mak  equationel
NZMO\NL\»S hased ow He cbeove Laws is wet Pmcéi-

—-

al. To M ond we comnrder Me wondelernas-
wistic dewowie choice, domsad by I, andh opefctio-
nally dafined oy

xly —»x

xly -y
Defne a funchon £ by Fr= x+x. Then we
Lave

(eack rtesutt of) Fo i evewn;

(eack resulk of) R4 5 e

r e aould Lilke Mak

(@ result of) fem waven
Thes feowd of rearowvg  is quite stwmilasr o 4ke rea-
Sowiung  alouk wondefermiuistic  twperative  predancs,
Ao as Dykstra's guarded commands, lompare Hhe valiad

Lm@bw:ﬂ_ rule

{e}s{ey  {B}5 Q)
P} spe (8l

U-V\‘Fur\:u.mta.\d‘ the rearonivg akore alboul ]E(puv is

walid, Gr we fnd fo09= 0014102 (by opetetional reasoaq)

radbes Joaw  oaly Lioln)= O1L -
The camse r—:?*ﬁ-z vawuouli\j b:? Mo Aawr

fedy = Fx D £y
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W conkbrast b te\e\)o,&d.i.tj o? s LW\PWh\I‘C a.vm.&:g, Ls

Ma duplicakion £ Ma choice M Ma  hetn-
reduckion. One M-gu conclude from M Ahat

@) for Mo nake of naliclity of Puly= Px I Ly
Moo tuchuakion eud be tn applicative
ovday (caﬂe__bs_\fa-&-@.)’

whereas
W) fr Mo poke of convenience iw program ming

'Fortumto.&a, Mae exists av  evaliebion Mmethod
e combives M “ﬁr)od» propexhzs of wermal
ovder omd applicative orclers fa.'ej evalmation.
Th & 50 f  ‘good” weaus  “pptiwead) ant respect
0 wunber of recluchion steps’, Bt bt wow tulus
ouk ok “%o-vol"w«.n-n alo weaw: " asMe pespest
to He validily of £y =£x 0 £y ", Tndeed
under farny evoleakiow argument evaluskions are
wot duplicatad; Aoy ane srhoned nstead. Cane
whodd be takew tb mdicate AHus /rawu»:j pre pertyy
f Mo penomlice i Mo axiomalization. Owr
propesal bt do Jo ~alls as -?&&DQS.

— 13-

A Shoring woy be dicatosl L4 am exprenion
by Mewug a mubexprenion 63 o prefix
Auperseript K (of (3,)‘,---) aund w.\iu.ﬁ
Mare fakels ehewRere as a puBexpremion.
Thus, 29, 4(1:a)  deuctes an infiwite
Lst of owes.

2. Wikin one definition or expremion, differet
0L [TRARCRS d? a varable (rmth Me sravme
ﬁmuah.\,«% ocanfromce) ae amuwmaed b Be
M) ‘?x=°3<+oc W%Le wovr i tem .(:x:xi-x.
(Ako , Ma Acwmamle equakion X = X+X
really waoms  2¥ %X = A HA )

3. The A)Muﬁ may wot get Lost whew lustan-
't.i.a.{'w.ﬁ o DU.?'W\.\'.HW (a\apljlvtﬂ M-m,wersiovg'
Thas ¥x= XX WMoy be ustamtialed to
fatOU") = X+ or Fx =0l +ol buk
et ot L0 = 2(00m) + (001).

We Rave wowr a %ind "? woudelermunishic ehoice
Mok we cowsider pracheatly moma geble | Mo Lo

(@ desbr) ?@ﬂg):?x B-Fa



Mo
s valid, s umplementation s ey  (we call -
bb_vm, coll _biwa —cbhoice or Me /rﬁa/uuj ?a.u:b&
ty of ﬁa.‘ej wekuakion), awd Me wotational
ovenfucd of vap\ica,t{m/\j /xﬁamwa ey el
ndeed ,

Rowar. Tt muﬁdhmp&muiﬁkﬁ&w
(?u,QQ 0-duskr) E['XU‘;] = B3O E[j]

woukd be valid. o require o, would wazaw to
requite a  cowmpile tiwme cholee rather Mam calk-
tume chotee. This Ains st nondelerminism s too poor
o £ el for owplaing overspeciieation. Consider
?df example M specifieation "a.m.b wawlsee n -8..+8"
which we VW%U: sk to wrke as

where
oy TXpeos X3 = X0 %0 ... 0 %o

Hawxmwj, dha Spu&gicwﬁm toulod be wriffeuw wore
eanly, bk werse AL is wrong  too Leecause undes
tompile time cholee M exprenion 1S Lewmamtcally
equal to zero ! Rathen Hhau auvc.d»v:j orerspaci -

. -

?cw-cm e have ntroduncced k! (Ew»k imwﬁ,)

Tt remains o Be Seam, fowever, whether Mo dewwsnie
ol time cholee really fatisfias our weeds @S regaads
to awiding overspeetfiecion. The fuwehion

oy wX) = x I awyX

5 unswitable to exprens  “choose amy membser of an
wfinite st /) becauwse & Ras a pombifity for
Aivergomes. One way oud s b ecowrider Aherns for
Sowme Liwd o? a\;o{»\_.ﬁ.aw.a ,-L.w‘__u'_ug choler ; anotber
wouy ouk I fb dLwtroduee reks  aunat noncetorwd-
wisHe  patiern matching , Jo Mook e way define

ang (2 X) = x

(Wbare Ko petieon X wow wmeams {xjuX )
This faller approach  Neawn the weost pre misings ik seemas
b ome Met bt wnfivile sels avd pallern wabhivng
e eanly oxiowmalirable, audl Hat Mese conshuets
exackly puit ous weedls !
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3 The wondalerminishc fa.u“ wenge

| ek us dewste Me nondaeminishic -"Z.Lr weige ‘b:l &.

Operahionalley , & 15 Aefined by

>
®
(&
Y
[
%
®
—<

3. Xe 1 5 X

. tle ¥ 5 Y

5. “rules 4 awd 2 sheuld gek o faic cbouge, ce
wmowy wet be 65_pasuA frever @b a certain
ocoucremee. of ©) f Hey are applicable”

It ‘tavvu\onm.s ko cottowmets e \M.Mﬁe b:j

xX e Y » x (XoY)
X & Q)Y) » y XeYv)
Xe 3 = X
e Y =Y

Cloanly, what we Mew wiss s Me effeck of
Mo SH opecakional tude fairness.  Rewmarikabley,
Hovever, v\p}&zuﬂ ts wrong W Ahese axioms! Jt
s Ae wﬂm‘\.{j axiowe HJhat ?p)‘s wuaklid , or wm
oMen wordks  even M@uﬁk eWe e Me B...

—A7-
oA 2, , €, 2. convnge to o well delaunmived
Linikg, one way n gemeral wot eoncluole _Ahat
e > €n. (Hm,% Limit s sowme BSAw tree.)

As an axawpe of Hhe way to reason alout prgram
mhon nowdalerminism aumal  aharing ts Luvotued, Le
Lreak one version of Ake Brock - Ackerwamn awusle%.
Considr Me fu@ﬂ.o\.m«ﬁ Py stewe

@_C @-»@7——>z

owes = 1! owes
dwX)= (9 SX
Z= S (OV‘C-S ® Z)

A&oro\&uﬁ b owr caleuwlus we g.v..d

E ={Ly defiwition}
S (owes® Z)
= {6y wotakoual convemtion )
L owes & )
= 4(8 @: o) © o))
=55 @ (owa3®x) )
=% (2 S 2 ®x))
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:{M\«%O?mstmb s wet relovaut]
2: (3 (v ® = ))

whick proves Mat omyway a "2 is Ahe Seasl Df
Mo List 2 (amuming Mat Mhe axioms are  con-
sustaut). AV\B adlewmpt to  detive Hat sowme wumber
exaading X woy be ak M Read o L will fal,
becousz one may wek replace o by s cefiwitisn
as Kok would  cplicale c phard  expremion. Move
?wmm%, owe hould prove  Ahat Ma axiowms, whew
wbed i M \«.)o-:j, ane OO‘\A.S(.SW% Mis (s be—:jowd.
Mo sevpe of Ahis exnay  (audh wy capabilites?).

The wext A'hvxg s to provide a wourececsive cleredk
%M,@fz oaudt phow it to be equal to E fpewau-
Hca,@&d. T cow wet ARhiul of awy Settor dmp\—{,m‘vw
Mam

@) any sk X puch Mot Mere exists some
.?: (.) = (1..)  avth
¢ VY ) fFi<$y
e Vi, XA = 4+ XM fA4
\73' (3¢, :?i:f)) = -XAJ =2
(and. conconing Ahe fairness anpects
o Vi. Fi s well defined < )

~19-
Hoe £ i M feod - back —Fu-vxa{-wm”: Me -4
dowment of X, Wi, U fed back ko M merge
ond & Mew oppeans again, inerewmenmtesl by one,
as Ma (:fi.)_/l'e\. clovment, X4 £4 . So M ton-
straints on § forwmodize, n turn, that
e W Me W-&acf{. /s lements may
wot overtake each 5W3
o 2ack cyele tn the feeol -Back procen
meewmeamts Mo elewemts ‘6'5 e
. edlewents wot C‘Sot bj ?zzd-éao& wust
e gt from M owes - proceds wie owe
Moemenk
(bandk o b wast wet be Mo case Hhat evenhially
O'V«% fcwl_@aca elawamts  turn wps
. e cacdh efomet enevufua.@@ is feal
baek ).

We »shall wour »Mapma@,m Z X oawd
Mat Mae X ane e ou.ﬁd porrible refine-
vwwlocxfi’z‘ To M evol csusider Ma values

e oy Aest )(++°((Y++ S (owes B) )
such that Meuw exiSts sowe f: .. #) >
A.. #XHY) jpokis fj g
e Ve W o ficdy
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o Yt #X). XAU = 4+ (XY A
Vil # W) Q3L fi=]) > (0aY) "G =2

Here, £ plogs Re cawme rete as befpres part X
of Hese Austs Aawe already Beam feol back
and consuinaed \?j wmorge, pork o is Al wai.téuﬁ
® ke covsunad, part Y of o are He elaments
aﬂea.akd compudled and  explicity availa geq
We hall shouwr /(7:3 inducton on #(X+Y) Mat
Mese values ane all aud ov\,&j refenements
of Z. First, .{w‘ X+#Y =[] Ahis awouwnks
@) /y&,omus Mok L = (D (wesex) Wik s
true by defiuwition. Secenad, eomsider Much o
st X+ Y w S oneson) Avkh o smtable £
we dacive

@ XY S (owes ®x) with § Ak e
=X H—d(‘( w+ 8 (4:ones O ) .
» X w2 v S b owesow) .
=X # 3(Y # o S owesp)
=X (Y ) # S eus o)) Ak £z f

®) X+ Yy S (s o)
=X + ﬁa; Y w S (ows @ piot))
=1 /o&m\,«:) of constomts 3\5.,\,@{ relevasdt }
Xty XU # S (s ® yi o)

A=

» X +y) + AY w+ 8 y: (Cwes@Dot))
= (X#ly]) o+ A G S ewsex))
= (XrlyD) # AV +lyge) # 5 (owesn)
whoe = fu(ir)
whae (= #X+1Tyl)
g = # (X lyd '\ w Cyn])

In @ awo ) M«Mmp&\ded Ma two
possible refénementy axiowms for ®: wo other refive-
mank axiowms e applicable, Mus @) awnd @)

st all pornlei Libes, (/—\Mua,uﬁl ol we Kawe done
ts proviug R t.\&a\moﬁow ow w Mat up to oepth
n  Z %zﬁoi&— any of Me Bobm Trees (= wnfiwile
$2ad werwal _frwms  chacacteritect by (’H‘)Q

Wikout e fa;mrw taling inby account we woy
wouws conclude Aot 7 s ba.\/\:j of Ahose

Brfum Trees ww‘p&hﬂ-j - enshead of owly to clopth
wo--. But i Ahe wnlext of fw;ru.uo Mis eonelu-
sion s wvalid, We Ahall wot affempt to deal
e faimen ahile feeping e spirik of ous
eﬁmﬁo\mﬁ rearoNiUg.
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We econclude our treakuwent Dg*‘\a gal(‘ Wje WL
tuvo c,ow\')ee,l'ures, a«%&nuﬂz\- /K"‘j waght aJZMao@.j be
Mﬁom --T dowk kwour-- . Farst, chclmﬁt Has
proved | in His Fawwus boole about Ha A.-calendlus,
Mok Mo Jo divergouce awviding choice s wot
exprdible n Ahe A_caleclics, albhowgh it is
dafi wiely algorithmically Luplomentatle; pe

_and_

Az Lpohe, Seckiow M4, In He pawme veinw e stale
Mo Bllasing conjeckure.

Coniecture  Fair morge canwnet be oxprened tn the
Aowdido. caleufus.

Secondly, me conjeckure Mat auy faur werge is
e anify nowdales miwishic.

Cou\iedure et werge be ruch Abat (W-@Z XY)=
some emuweration (List) of all eleweunts & X avd
Y, euom fr pachal Aists X awdt Y, (A List s
perhial € i fas Mo frwm % %L for Sewe )
Thew Ahere exist expremions E4, €1, Ez, B2 Auck
Neak
E4 awdl Ea' ane /Af.www\h‘ca.llj equal; g4=E1,
EL aud B2 are semantically equal, e = €2,
but weverteless
(merge B4 BN # (merge €17 E2)
That i, swombically werge o wet o fuuckou:
s wondelerwa wishice, (Operaﬁovuﬂg it weaus Ahot
Ma wvoliskor waust neeeanly take b cecoudt
Hra Ayuta chic orm of Ma cowputatious/recuchions
o & Bt arguwmants of kuéuz)
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I dowt Muuk Mat Hhe Breck_Ackerwawn avowaly
proves s conjecture. Rather T Muiwlk Mat a

of Wl be Lased ou u.m«pu.{-a.&h.% ‘l’eszora
avl L tun  an %@%ws

By Me arrumphion of 4he coujecdure e Rowe.
werge [ L = [x ...
Bb umpu‘mﬁiut‘j ’Wu.ofj, any alﬁom')'ﬁvwic
procem s wwowotoue, e AMat from L CRKJ
we  £wdl
Werge B 3] 3 wenge 33 L = [a ...
So wenge ] 0y] » Tx,y ...
Similarly, wenge TAITY » [y, %ypome .
orce Mare are buo clifferant pessible resulls,
Mot s wmarge s necetanily wonddtermanis b,

This sketcl far from cowmplete | aud far frow
ccsvwl\u-j.uﬂ.‘
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Addendum  Aunother variant a-@-l‘ﬂ-& B_A_ a.v'.om%.

Cousidar Ha systewn  W(®

S

£ aX) = o £Y

2(51‘(): A 3Y
Walk [) = U]

wak (x:LD) = @[l
wat ey = x oy waatk 7,

Y, = wait (FFICIPN ¢ - )

Ttis eary b shows Mat B ato futle or tnfruike
ot Lests E (ce wet ewding tn L),

Z:ual{:z.

!l(: s fempting o wm apply He ucuaarw.wosm‘ﬂ
1=y > CII=Blyl" aud couclusle Mot/ Lyaib
moy be reploced by Hhe idewtity fachou. Thes
wowld give Ma ermneows cdoiw Matk

Yo= ;Y;@%-Yo QF"(*)'
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The cbuwm S ecro neous Lecause

ig)(o:[JMUN Yo:.l.:?io@%\(o
€ Wo=0d Moo Yo = L 3 o:"(4:ot):Fxo 29 Y.
§ #G=n32 4hew

Yo = 00 00 faie wege @ v-2 2005 and Wfiuile ones
#fxoeg\é = Oifai-rw&gzo{fn-iwosamlufw

Fcrtu.mto.ba, Mo congruancy cawnct 8e applisd (so
Mak Ma ecronseus equakiby disappeart) Lecouse
Ma fas “xzy > CLxI = ELYI® requies to shou”
Mok, m this care, Z = waik 7 for all Lists Z,
wet just Ae el owes but ale He parkial ones.
Choarly, me comwst sow Mis for 2= 2L, for we
ind

Z=zul £ L =wit @l = vak Z .

(Evd of addandim )

-5 -

Addendum: guas ded allarnalives

Hee s a skekely alewpt o fovaulote an infereuce
ruwle for quanded allernetives (v Loy evalu-
aklon or retlar  emvirowwmentar trausparauney: all
occuremees of Me sawme vamabls dewd a ningla
(wonclelar walnistic) vaM)

w e, ve, = true
(@) e, »true D B(e)) & »tuw D B(eyp)

P( (,—e{)le,—>€) )

Nele Mok AR.QA,Lua takes places n Hha emtive fawst
prewass  awal reparalely Goun it alro n the eutire
Aecownd \omw\fuss. Prewiss () dewmawnds Aat any oy
one of Mo guaxds wmust  evaluate to true. The cow-
dihion €, » true A4S “rowme evaluation of e wunt
v gl fese frue” Luk dresnot exclude Ahat
powme evokiokion of € way ylld fatre; clivergomee
s Umpossible Lecause of prewuiss ().

Now one wowy prove P (XY, wmax xy) whee

max X Y = (x£y-sy D ygax o x) (wle: s‘mriuﬁ!)
Py ) = (XsTaytaxzy Yszd)= b (r,l«.nxt\»;‘,)

Hemce B(lom), 0 (001), wox 4 3) (s brue a» well. (Ewd of Adiendn



