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Abstract We show Mat HMe prosf given by
Dg\csbro., ‘F"' Jhe twmgeratlive  Lowdeo pregrawe s -
cow«.pfztr. witf N‘SM to Ahe cervectuess . Avw coun -
pletion of Hatl proof, Aowever| cam be tramlatesl
Literally to o correctuen proof for Hhe corrspouding
SASL  prograue . The Clochwiques ewployed ouve cruJ.l.‘e_
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Cection ©  Iwntroduction

Als a quest speaker at Mo swmmer schoot on
Functioval Praﬁmmvwiug ( HewCastle wpon TBM’ 20 -3
July 198) Dgkstra presewted a  GC pregram  (GC
aldbreviates  Garded Cowmand, see (Djkstra 1976)) for
bhich e correspouding  SASL prograuws  (see (Termer (979))
"could not easily be proved correct”  The Lauwbo
problem statewmeunt reads

letk F Le an unbounded ascencling {fLmction
on Mo watural newberss | define a fuuckiow
G ouw the waktural wwwbers by

Gly) = the miinimal x  wk Foo) 7y
Nouwr 3LV€M T wmputc G .

T‘nmu.g&owt Hais pajoer  x, Y aud W vary over the
natuval nundoers. The aunctated GC prograwe
reods

XY= 0,0 ; {Po A P1}

de Fo) = y — X 1= % +| {POA Pﬂ}

1 ) > l; —> %(la):::?cs g::g-ﬂ {Po /\P'f}
od

Wik e fo(bowiwj mvariant relations



Po: F(x)zy A Al otiéx: F(é)s(é
Pa: Aj: o<jeyr  9(j) = G(j)

The SASL program reads

df 9 x4 (prq) =
t P=y — g9 (x+) ¥y q
0 p>y —  x: 4 % (y+) (p:q)
£

glgf £ x = Fx: £+,

g4 oo fo ?

Rather fan a_ssuw«:ua F available as a Lunction
Dglkstra.  chese +to represeut it by a typical

SASL Olgjcab: an  finde sequeunce . SE.MM'Larej
Ma result s o pequemce rather thaw a funetiou,
(Note HRat Hhe colon denctes appenciug an element
to the faad of a Llist; appzvxdduﬁ a Wst to a Ust

s deueted by ++ . T’fCofCtj of eperators & as
usuak, But fuuckion application takes +ie Wﬂhest:
priority ; parenkhases are cptional .)

If I 4ave understood it vell, Dgkstra
cloimed AMat
(i) Ahe wvariauce of Po awd P Aogether Wik Hhe
nonlernunation of the GC program  estalolish

(ts correctuess,



(@) +4he SASL version cCamnet easily be proved correct | awal
@) n pacticwlar , additional wnotation awd/er

e rminelogy £as o be tntroduced n order

to express properties of Sequeuces tn the procf

fbr e SASL pregrav- .
Jdu Me pections belos we disprove zach of Ahese

claawnas .

Section 1 The correctuess gﬁ e GC prograw

The wvariaunce of B owd P are easily verified,

as (s e nodterminalion. However AMiese caunct Be
tousidered as a correctwess proof Tor Ahe Fa-élowt.ua

nouterminaling repetition also mointaims Po awotl 1 .

Q_o_tm.e.-—»sup ggl_

\aﬂxwtucmﬁ% wawtﬁDWdlroWL/‘ﬂLPmﬁmwio

Mat ‘evemtually R Ads', for sowme nuitabée
velationn R For exawple, we vw.afeve wish. to assert

Aot ewwalually 4 exceeds auny valbue , sevy w. This
hoice af % & cdeatt ovithh i pection 3. Here
owd in peckion 2 we will tole

R: AJ:osdgm: ‘(W" G(d‘)

where s any fum.ok noturtal wundoer., Auother



e_au.a.ug valid. choice %r R is: 3(\/\): G(n) . Thus

choice doesn't qe any somplification  in WRat fllows
iw Aeckions 1 onmd 2.

'Prouc‘.m.g NMe "m&m&l&‘a v af R & (e pwuiug
tamivalion: we wneed to show Mat each slep
of Me repetébion wakes some progress.  The proper

waaaafd.ow\s/w«w(/) ah Foa,owS:

for Moot L valie w occusting n R, give
o vaniouwt Ffuuction E
expression.  m which eg

(an Lute.ag_r valiuzol

e, X ouad 3 may
occu.x), owd  shoo 48at From au  twvaxriant

relalion 7T
() each quonclad command decreases £, awd
® tzo v R

Tt s AMus proof ob&aa:uo\a, whick was vt wet

fbv Me GC prograne  aund ek, an we will e,

£acliteken o direck trauslation 10 a correctuen
prof for NMa  SASL progtau . Onee t Hhar been
fouud, Mo venfcaliow of ) awd (W) s eany.
The reader m@/&t womk to Loole for oo sultalble
veriontk  funcliew /C‘.L\Msﬂ-ﬁ.

Rewmarlt, The 'kmutwa&eb" £ R aleo

tmplies  Ahat zuww,a,&% R rewains true forecer,

Butk R 5 wnot mwbsafibj true  ever siuce it Becowes



true for M first time | (Eud of rewmanlt)

In suwmacy Moo corectuess proof of Me GC
pregram  entails to prove Ao ?o’C@owng for nwdoe .

1) Playe o]

]

Q@) Pa B4 =5 Plxexv] o tlxe+x]<t

Pa B2 o Ply g« Y1, upd(g,'a,'x)] A
tlyg < g+, wpd(g.y, 1)J<t
) P = B v B2
(4) P = ¢t v R

J

J

where P = Po A P4 ownd Bi (i=1,2) are e

%mds in A programt . P APy Aequal  we anume
Meese frovdae to be true,

Section 2 The correckuess of Ake SASL  program

We consider it part of Ao C—Ra,{(.em%z to deal
wie M Aequence represemtarions of fuctious
e a direct, slmple oud clear vay. Ju seckion Y
we brcqfeb dicale 4o we ould factorize Ra
prof o Ahat 4he nequence representelion of F
con be dealt skl /;.e_paxattba.

As a fust step v e trauslation af #e GC prooF
we reformulate  telations P, R aud e proof oblige~



fious (#)..l) tn order to deal with 1Re sequeuwce re-
presemtcotion of e fuuckion called g He GC
programa. It s obuious Hat 1Re revised frwmulae
(1).. 1) belows eamlj follow from  ()..(4).

) Plxyeoo] Ao M L]I=0 ,
(2" PP A B1 A £ 2 = Y
=S Plrexa] 4 €ixexu<t A b z=y
PP A B2 A = Y
> Plyr e ge, 2+x] a tlyteyn, 2w x] 4 Lhlrr=y

g

(3" P = B4 v B2
4 P = €20 v KR

where PR and t' wre obtauned frowe P, R auwal t
bﬂ veya—@auu% i ‘?o.v\d:i.ov\ Admbaf 4 bv HRe sequeuce
Aywmbe 2 |

The next Heorew .dtates e correctuess of e
SASL progran . We abbreviate R'[re...]T b'j R'(---) .

Theorews R ( 9 00 (ﬁo))
oroo,
g M
auffices to prove " for all %Y and 2

(%) P A ’Zz‘g = R ( 92+ 9 * y (?x))

becomse Mew  ustautiation with  xy® = 0,0, []
will do bj virue Of ) . So we prove ¢) , we



..7...

do k& Yoy induction ow £ . we'l comment ou 4he proof  aflerwatd:
case €<o

From (49 we couclude R, C.e. Ajzosjsw: zJ'-_: Gj .

Hoace R/(Z +t anyting”) and i particdar

R(Z ++ g xy ¢x) . QED

Cone € Zo

Ve wuase powme ocbuiows notatious to sherten Afhe text

Pra Mhz=y {So By @y}
& Pl A L=y A (BrvB2) by sewm of if and or}
‘-_’-_ _g B1 —» P A Lhr= Yy A R4 {So bd(z')}

<

S Plxex+i]latihz= =y A tUK::kt {bg_ tndwckion .‘_}
dg Ri( 2 ++ 9 (x+1 Y ({.’(x+|)))
0 B2 — P 4 «U{\?_:v A Bz {.So by (2) }
& P[] A Uh @un=yr A €[t {bywa ]
£ R(Gww+ 9 x y+) (fx))
bh Ri(z+H (2 g x Y+ (Fx: F<+)))

k
2 R'(f B1 — 2+ €1 0 B2 —» 2+ €2 £)
;-éR’(%-wrgB‘l——vE‘vDBl—»Ezﬁ)
% R'( 2 + a x Y (Fx s §f «+)) )
£ R(2xw g%y Ex) - QED
emd of pro(i?.

The crucial steps are f course d awd £ . du
Aep d Ao nduction /&fjpof‘ﬁ.zsds (*) s QPPL&A
for xy2:i= x4, 42 5 Ahe coudition Elxex+J<t
guarontees Hat He wvew wbueo of x,y and 2 are



closer to e basis Mam Hhe old values. Similadly
for sup £ . Stps A omd £ deal iR e

Areduamce represendetion of Ma  fumckiow F oy steps
ao.wté_ deal with Ke sequenmce representation of

N

?uu.c{'i.am called q i e GC pregrau. The

rewai.wiv.g /)l’.p,ps occer alro n Hthe GC pro of. To
nee s, wokice Hhat MMe GC proof O.C)‘-u.a«@%
reods as follows,

t

Wmeo Sures progyress towards e 3050... The 6w ittaunce
a‘? vwewtlomi.mﬁ it wn Hhe GC prob:? b‘j D'gk_sfra_
fag P‘ESuwaLU.j been Hhe reasow. 1o c¢uJe,d'c,Lr€..

Pa(B1vB2)
£ (=L Bl » Pa B %
_ic (i=t,2) Bl —» PL--TF Ao t[---J<t ,&

vy e WP

2 F (=02 Bl 5 wp(Sli, Pa t<to)[toet] ZE_L

il

wp (IF, Pa t<to)[to«t]

Heuc,a, ’co%,u&u WHe P = tz0 v R {b:j Wi we

fud  {corespondivg to Sups d,f and £}
P = wep( Do, R)
by a.ppl.b‘w.ﬁ a theerew net proved fere (audl
where  wep  stands for “wealcest eventuakity
preconclition ” ) . Nowr wsivg (1) we fhowe
wep ( X, 4y:=o0,0; Do , R)

It s needless to Sy Kot Hhe variaut function
plays on  essemtial rofe.  IJu Loth- proafs it



foak Hhae SASL pregrawe is So wﬁ%ux to prove..
Indeod, as Ahe equa.(.«.{d wm  SASL weaws Sﬁrog
Qaru.aab'.i:\oj’ and as G is o total Hunction,
assestions ke

(z++- %'xv(f.w))g' = G-d‘

imply Termivation of execution of (2 + 9 7y €) 4 ,
and. it is that very terwainetiown Which  swt

proved fof\ Yo Ge pregraus by pr‘oui.\nﬁ o wmuvariance
Olf Po avd W ow@:j.

Bj wow Ahe reoder Kan PNSu.w.a_bﬁj lFou.lA.d.
a /dtedde variant Ffunchion Aiwmself . If wet,
M S \/\4.3 eloce

b Gn — x + n ——*3

Thus progress (s Wmeaswred by e wendlsec of
deralion sleps, tespectively recwrsive fuuckon calls,
adc,to e wade @vgme 9 exceeols W awst cousej_w.utlﬁ

R becomes true fbv*w

Seckion 3 On e choice R: y>n

In view of P1 e cheice

Re Yy >w



peay o Hulboble evenluality relalion in ewder

b onclude Hhat Ahe GC pregrauwe (s Cerrect .

Houever we feet Mat evenliuality reloliows shaordd

wet be Lervulaledl it terws 2 Aocal veniableo,
zéu/towl;:jmtmmm vf@a’;obaﬁvaniaé—ém.&(mwéﬁxm
y ove wazuk W ko privars 5 W He SASL prglam
/Kwﬂ et b patamalers of g . It is ARecefore

impossible o wre R an au asediow about

e Nequemce %Oo(ﬁo)

Naevectbhalen aloo +he correctunen prodf for
Mat doie of R i eanly trawlsled wuto
o Covreckuwen Pmaf ‘%‘( HRe SASC progfam, e
Sbhoow Below. We agein use Hr 4 P
1)-- (1) 3 wote HRat nowr R is dewtical to R.

b

Theorewt PIA/W\.?.:‘J = (=2 ++ 3%3¢x))n:6w
procf

55 mducchkion ew £,

Cone £ <o

Theuw R/ Lulds Erue bij @), Ao M zon |

no (T ++ g‘x:j(fx))n: T o= Gn frow. P’. QED
cose t Zo

(2 ++ 9 x4y Ex)n
= @+ f B > €1 0 B — €2 f)w
= ¥ B1 s (+€E1)n 0 B2 - @+ Ex)w
P L 9 (x +t) Y () Jn

= {fecawse P'lxe x+] A txex+iJc €

B REg ey ), we ey apply



nducckion for x4y, = x4, Y, 2 }
Gw
0Br = (2 + x: g xys) Fx))w
= ((‘& H X) g4 X% (5+|) (fx))h.

= {decowse of (1) we way apply wduchion]
Gwn

Nouws woing () we frvat Mat .fen-auj w , go0o (fo) n=Gn
This expresses fRe correckuer of e SASL prgrauve.

Saeckion Y Coneclusion

Tt Pas been showw Hhat evem £r venlernd-
mtc‘v\ﬁ twaperative pregmavs  variawt frnctions
ploy oo crucial foefe  Ln Ahe correctuwess prosfs
ound Hat Me variant funetious woy be wiest
as 4ha waans ou which to base oau iudwctiow
\oﬁou? fo" 6o Corrc.spowcumﬁ ?v.mc:h‘.owai pregrauas .
[ This & wet to L\Mry(’:j ARat Auck iduwckion proq‘-’é
are e owly or e preferclole woy to prove e
correcbuwess e fuud-io\,ta! 55(.9. twdeed allows ?er

o vcu&o.td 24 precf methods .)



Thus ik turns out 4hat Hhe SASC Lawdbe pregaun
s abuuwst equ.a% dﬁ%cdb or 22y to prove
comeek G Hhe GC precyrame . There are Rowever
o fewr offpramces.  Tirsk, in an twfrwmal rease-
V\«—\AS it s fkrr the GC prograwt  easy to Separele
Coucouns for tnwivaliow (or evemluality) From
Concerns Sor paxcticl correckwess 3 s Seowms wet
as easy for HRe SASL prograwt. O He oHher
Kavd ik s eany owd watural to facteriie e
RASL Prod? i bop pacts; oue past cLQa)b.\«g
oifh the corveckuass  of

daf § x g =
f Fr=y - 9 ey y 0 Tx>y - x: 9'xgw &

ova e other pout dealivg ke the represeutation
of F by a Sequemce :

Pxy = 9 x4y Fx

(‘HM, PMO‘f O‘ﬁ ‘H&t.s eaual««% 'S Qa/):j B\j Comwutaﬁou.aﬂ
Ludeiowvy  (t /mﬁﬁ-.'u;g tv shouwr

U x 94 = St x 9 ¢ x)
oA
qQ ry = g x Y F <)
= bvdly 9" (xy) = “Ledy 9" (2,9, € )

)



=B

Tinally we wolice 4hat frome o fornal poiut
of view all wRat dan bew ‘eroves’ atlout e
GC pregraw  waeds o ’waﬁu Jusﬁ.ﬁcc_a—uow \aj
pro\n'.di.»g o defivikion fm wep  (wealest
QWM% precowdition)  awd a  dervaliow
a§ Ha Hoorem Wlich Ju/aﬁfx.hs N leToof viee Hoocl
postulalest Ur seckion 1 (cfr chapter § omd ¢
of (Dskstm 1936)) .
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