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W[Lr ]F\ﬂl—caw,p fer L"Eg.)

Lt "L ,&QWW r thew L ob oo fieel peint
K Z oot Lecowne L i \‘&LMM(M(%‘?.)) L el

(Ae D‘ﬂGQ.MAu.S Wa 9—) ol Lecowme T ‘u c—mLM.w? presen ULl

wrt & omel £ (cheas ﬁpmdaf:,o) I L Bl ce LTl

Honce
I8 e neslick Bp Aobe A union & the mopwa olefeualols
wapping : D —> D Ak Valp I = Tig 2.

|
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4 EQUIVALENCE O©OF RECLRSIVE PROGRAM SCHEMES

- “3 Courdle amot T Villowde bawe prowd  Ahe daciotals ht‘j q
At :‘?\-a.n_ equivalowte. § Ase. pr. schewe) W oue vaatable evdly K )

; Foamol am oddliko raniciow on the aec. pr schewans ; OF =
i M\MM & eivg "occedlabls”, Ade will Ty Ao -?brwuuf%;
o el poef we eur Anudidloyy . ¥ |

$ e A
zq,;\,,‘jf..&gpgxa)l‘.ﬂg ey

(41) Definlions omed Sheoern.,
Z=2 2, 2 v egeivald with 2, Perall T Vel = Ve 2.
We pwefor to arasow ar ayutaiically as ponible , Ahufore
L~L, L »eguavalowt vt L " bdBh L <L awol L<L whone
L L, Lomsgorizes &4, i Vel el m L,

Themew ~ -
222 fortoutyd LEg)~ L(Z, ¢)
(&) Mwmwuﬁ Powe eafin Lol daf VaRL Z | A 2 (32 .
() Acke Hrbiowal wberpalaon (T)r)  givem
Dr= MFV) st V)=V fevall veV, f='T" ferall feF

P

(1) Th uetod § HoperrH avet Koverdale
We uow aheteh Ahe woy Hepersh st \K-o\re.usal.(. peve Yo cleci-
dedotlily & M equivalinee § swple delirnivinTic grawimant
(rd-g) . B ollawpt Al e am iwmitalion 5 Ahis one.
Shededs
Saﬁ,iawemm&wmm&%ﬁnm §—-va.§§ . where
o € Aiual alphabet ool atl % € Mwu@g dpabe&&. auol.
fa-ro.M %»* A eait ok wet we proel. Al %%fam{aa
E%vm b vt an 6= 6 W L6,5)= L6 ).
The decislivg algnlfiue i alkededast Lolow.
Fot olediua, for Words w0 W= w Y LG,w) = LG, W), Thew
GC=6¢ ‘wc_q.u.;\mM A ‘5,‘,5 §l. Se'co\m%, Ladne, 6 onel G' W lo
o verwal Boue, vt Ak Atduccesl forun dsfiued By G i ausbuced
W OLG) G ferall £ Thivdly Lt df)- wain f o] w e LG,)}

N

*): (cdded i may W Ao page 34 for Lnthron Avmandis)
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MNow, ‘ggr auuou\,;gﬁ.{;‘... 5"-“ :‘-:5;3' g‘jw_ poceed  an fet(.ou%:
WRAL wo wegalive Aents are emcounRavesl auad sewme equivalimee
adoTions AT Bare to fe Tasled
oko <ter for igl' q, = gj amal F L it’u = ?j,"' %‘J‘w\.
or for 5 =85 T ool Ton B = BB
(vhare Rsthe Ha k amot Aw case one dbrvcivadl by
maomn 8y & omol Hus 1 Ladest ow @ curccal lewwina )
Aot a=o! , whew §; g a G S, et §‘; E’“’Q‘g}:“" § |
ovngl
40 e W Hhe elaliown
R O L T VI WS S S
R S N TS VTP A ST
( O_f_';'_
o Auin pmotes Auinalen Loy oirTue &) Abs Ywopacdus &) Ak g Lo,

42 Jwlaliom 5) Ahe metHusol 63 H.opo\.r[f( o \Cohwﬁ(.g

(429 OeceplahiiTy oot Hlomdanal focire.

Lt §: M(FLB V) — N} de defirnadd aovt. Z Ay

&vy=o0

5(?("”"‘“-";’\"“@@,) = 1+ wmin{ d(w,), ..., é(wt"cf)j}

‘ ‘S(Cg(“"‘w"':'”‘&(ﬁ))) =d( T (m,/.;,,...,m@(q%j/o;mw))

Robie |
.Z_‘_..“/.J._Q‘:’-.‘:':EE’:%J:& ‘% 5(‘?,.) <o %’ L=ty N
3@12\@(:3, dm) b Rwie Vﬂ? Mae exiats e dadvaliou w.—"‘-z-rm'
Auch Mook th vl Mere w aan becLivrew e é} a variable Y wl ol
\»&/&awg w Aa scope 6 oy €F. This W\‘j w decidable .

2w o _dovdare fexme Y ol T in 2 one 5) e Buan

flm,s s omgey) mith  m, € M(E V) for €0 el
Tor each aceeplable Aveom ryalivn 2 /we effectively can couslhnet
wsthar eve ol W i Aondlarel P | ‘v acceTlble ancal
equivolunt to #he erigiuse ona, 4y A falowniug alqouitue .
ks Ao ane sene T ) He fouae P L5 Mg )

P i

do Zeplace such oo T, Ay ’CJ-(’W',/UT >---,We(cg-)/%<33j) o

e
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=4O

fovat 4his poces Yominales by vilue § aceeplbhlily f
ke, Ahorr are paopen /}u.—e-e.xwuuhew f(---) o Ma n
do  odol o wmw & b Phe Wt
neplace such o Lunerimmt Fé--) by GG, . o) 5
ool o i equaliow @I, .- V)= fio) Ao A
Curvent S“A/SG'W" |

e

favel how e Mlﬁ’uf /JydEtM' & b anolare! forim avel w
Cpecivalowt fo Ha orpinal mj

ﬂu_ cvneial Lovavua
Trewe Ror orvorols we Gt Z owol ' e WAW&TM
ol oua veuia ble gAewas vt Voz {x 5 af amel for
o 06 &, p@)=1 omet for £ F p(f 2
pample [ G (x)= g%, §(@,Q o))
iqwc) = 9@ 00, (4 0)
Q&) =9 (q&) b))

Pefonr for me M(FLB,V) amst mie M(FLP,V)
mEm  m e%uuua(.udt witle Al AniHe /Lwr;-act to ZMZ

St L(Z ) ~L(Z.' /\MJ ( Mot Aok we owir 2 ot 2! I)
Z=Z' W @) = @) b wow lmwedlia cef)

&'\Mmh ?cmu"'awg‘(ﬁ) = f,(/wal-"") 'M!pLﬁ) "#: ‘f::‘r‘M /W‘f.‘EML" c=“"P"ﬁ'
ch-c‘g L&)WW‘?&?(‘#)M%M&%M@“@M:
4y cefini b, Lo all ME € L(Z ) Ahee ane m¥'e L(Z,m"-)
e Rk L (i, W) & By, Wi, ) Hemer
Dy oaf &) oL | £ omol mf < MY
R Aiw.r'.LmL«j -?crr A Aaverts ercler - .
Howee E=P' owad W = i for o @f).

Lo 12 ﬁbralL o, € h(‘?‘u@ V) amet € _H_(t“u@’ V)
HWhew mEm' o mM/x)E w'(nix)  ifP nEwn
Pohow wzEw ¢ wmnla) T wnix) i m=sw
pest 1 a)> Ly mebeclion su e waiaber (| g feu sdw\o&o ba b
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Iml =0 Hew 2a=wmz W Jo mi=x omol n= mu\a) = wi(x) =i,
Il >0 if =@ wt) Ao WE T (WA = B, . Weg), omel
Marwinrt, = #(Ml,...,/\h\ek‘ﬂ) ”w we
W E (W M)
Becownre M comndt be %, we &.MLCML:} gﬁi ’M'Efl{/\M:%ﬂ\
By L 1, Prown wmm we gob P2 £lamal m o,
Nowr £ (m(n/%),., Wy, (ul)) = Bl o, o, g gy (M%) B wil/ )=
= WMWKz £ g py) W K) = Pl (W), W i)
! > IF(
Amce RITIRIVEY (, ,g:ﬁ Cnsa.m) ool /Wll'(M/'yE i (W) .
Mow «63 YW Iy AT «ﬁd,m-mm wes W,
(&) Gbuiows , alre ywevelos \’3 el clion.
©IE) Ly meludlion en lnall + .
Wyt fzo Ahew m= x = ' hbnce thiy aax e.gz.&valaui:.
e fyo Man 0 e case (), mm F(m,. o), W 2 Pl .., )
Now as w cose (@) fowe M) = W (w (&) we clenire
£=F owol (%) = wi (W (%) fer izt - o).
By “waduci o \nzj\«-c’\'h/a‘v; me =W chaace Ay lowanna |
w3 F(WM e me@) = Flml, . W) 2 W
B(&E) Obviown,

[
Avsrad: | CRUCIAL_LetiriA |
& THE LEMMA PRESEMTED AT THE LECTURES WAS ILL-ToRMULATED AND
EVEN NoT TRUE IN TS PRESUMABLY INTENDED MEAMNG . HoRE

GVER |, DUE TOTHIS TAILURE THE CoRoLARY AND THE ALSSR/THM
WILL FAIL Too B>

IT 1% ONLY ToR CURIOSITY THAT 1T PRESENT THE CoRolLARY AND
THE ALEGR(TM . PLEASE SEE THE NEXT SECTIOM FoR TURTHER

REMAKS,

Cpralma o lemwa 3 (owl‘ctiué pareuthests whem wo coufusioun (‘esuHs)

@ @ oo oy oo oy B e W N > Wy G wa

B P ® (9:?' qu’x with (@) & é'(cﬁi‘)

e ' |

-t o~ ’ e ) _p!

& cﬁ‘f'cﬁk’x_.: Cpé ﬁw Lo p® A 9:!‘.;;_@;;(3%..%.&?% 'A F—--,E_" fwﬁ.u:e :
RX =R PeX) S 2 onal qi.‘"x = £'(&",... ,c%@,;x) o 2.
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pretd 43-/‘"\-1&“4-% CPOc CP P x ﬁ-o ﬁw/xow.z e 1skenn

CP :PLK,x (P A cﬁK“ . CF = L'P.)g_ <,3.'k'x (V‘-«OV‘CCM Sﬁﬁ‘f)éc{%{))
Mt com cicsion Rills w» —6:’ Ln.w.mn

U23) D algoithne.
Now e yesernt Yo a..(ﬁw)'e»m %1- d.Lm.ob.vf e WVM
 owccaplable Avrdtiveg A:j/a'G.w.o S ot X
st /G'LU-AS 2ot & uato dewdlarel forua, Ahan  pnforiac

o) &\:gm.de\m decida
@ /_{.-_L_SC\A Eat EAT 81 exprecsions #almao.d.ﬁ 'GA.CUL#)

) ot TEST = ( expresnew fde be Todeol # CP CP'X CP q>7<)
_ (0)) £ expresion  dees Wik appear st EAT
( ) tew  wrile elown R G X = (PJ gp'x wm Lt BAT
) £ S@n ¢ Sy |
) How  pearch _& Kk auch that cS(qz c@m) fj(cf, x)
@) wilf. escope ( priwt ("No”) Leo.ve o.(gon*hw Deude),
9) Lt gr= f(@n,. ,Cg;}) be vu 2,
() M = £(&n,.. G ax) e &
() _& $= f'
(1) MM Cpriwt(" 0" 4 leare _g_lgoLJL«m Becide);
W) (call TEI (q%go go'x rp) for L€l p(f)} ,
(1) call TET( R BT «) )
s) e {S@nz 4y owt
(o) clo 5ow.eHnm3 ‘stwmilar wik rBses £Ls }
() £
() ‘g_,_‘ pwree TE3T
9 EAT 1= ewply
(9 call "E'“*;;'T'(qz‘,.; 5 cg”x) v oprivd(VYES " 5

@) endl alﬁorf.&m Dewde ,

Clearly Ahe corolany Cwpliis Qe purtial correctuess of the algesi thue
omel wovetver the deanmduelion follows from dhe followt ‘Mﬁumi&t:
Pot M = o { I @2l + £(E%,.. c‘ép@?c) s b W B 27, 1600 )
Lk A = we .{ $(euc) PeD or GE 13’} & 0 (acccp&bi&ﬁj !

]



Darn ivs,i.kau.:j Akl J\-", 5] Afe expremon Yo be Teoteol U Lowuol
Lq LM 4D, owdk imcducliely a call §) TEST with aw expressan
5) Logte  Lom thou 2M+ A Inclwces call's &) TEST with
expromions & €ugth Lew Ao 2M + A | beoarse
5(5&‘...%3) = d(¢) buplan | .- . x l« A .

Q‘l.-H) Exawmple

- w0 oo

We Wows asemt om exawmple &) om execution 8 4l &%Qrd‘c‘l.v_bk
"Decide’ for Ale &l(ow‘iwa acceplable aswr sysuwy vu staudard @—r\M
Z z=)Qx=9(*, B H%) 2'=(gx=9cx, ¢~
Q% =9, (0, %) ¢* = 9(QR%, §2)
%= %3(?.71 C%OC) Qi'x = 33(%7‘ ;) RX)

€% =3, (%, ® Q)
jwﬁcp 2% R %% ¢ Gr=5(*, 2R%
S LU 5 P ‘
?I'TTJ.L s 122 574 Gx = (G, § Q%)

Nelelow : for cach aslual puaweler | we dende feveath Lk dha Aests
perforivacl omel he new actual parauseters for dhe vecursive calls S TEST
Tor each deptie i dhe Tz |, tha eq expr obowe it boloup Yo H Lisk BAT
[eq.expr.] oleustes dhe qeueraRen 5] an expr. alreacly belouging to'EAT

Execubion : ¢ =R

- |
Ph =X 0 RRREEQR

r _ _ h
=9 > ‘ﬁ‘?j'\% PEHRE= R %

~ - s :
BHOERE R ARKIEE 979 [sa=@]fasrg =aq] [

g R
9=9,%=% [20.% =¢) R34 '9,=9, [eseq] Re4=%4%] 5%
rf— _ ¢:’__--h"“-‘ .', _ A
o [e=¢l[v=a]  Ca2ip 4o ¢35 4
Y o

- .

ALY
’{B N

Thus Z# Z' Arcoumse: "No' i prcVMaoL , ke Bomnst be found ,
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Rewarks ew secliom U2

The eruedal lewwa aud dha a.lcjm-imm il

e U-formulalia Lomnma. presevked al e lectures wasn
mn/x) 2 m (W(x) P It wm=Cer 27) m'(W/x)

S & Slmy mmt /%) = mi

Clecrly Al owittivg o] dhe Avsyedive Z,T0 ul' =" Aoe Tan

Leod 4o o conBunion: Ld Ahe pemihiklies of = awd &1

= (wel. T,T) amel 6] =(wrt. T,Z) owd § = (vt Z,T)

o e bke w=(er=22) Wi (n/x) Lwad 1o coulbadectioun.

Donomably Ale Lawima. oA veool

m (Wx) 2 mwix) 2 Dwmiw i n= wi(w/x)

§wm £ Jiwmy el { A wm @ [x) = wt
ol w" = p
RBecoanr wou tha co\r\ol.oa\a Lellowss b:} /%a.ﬁuug
YM' = q?\'x , ml= cg;fx so 4ok {Ma": ‘ﬁ.{“‘ﬁk’x
W@, ws B P "'z B X -

The proof o] M Lo i giren suhidhat Ahe Poilure  beesnas |

ee]" s Ay ncluclion e §(m) :

=0 : AM=x ool L n=x va;auj Mzn=x o wm'=n"z x,
Aut uf. MEX we comni Aoy M»ﬁfw@ cHere W dhe enuliad
case ichore dhe e foils.

Spodo: m= p(n) owal M = Pom) . Ket em)=f(. ), gly=f( ) T
Ao f(m fwolx)(n]x) 5 .., Mg, (W x)(W/%) ) E W (] x) B
() = Fwimd (X)), . Wy ML fx) (1K) ) Shemee
$=f owek tw (MolB) (M I%) 2 Wy (Whox) (W(x)  for dd €€ oif).
Now, for € st O (wp (we(x)) = mwind Sl (mo %) + k=1, o b
$(mg (o 1%) = i Sy (o)) = S (P(Me)) =) = d(wm) = &

£ &)= = 8'gleml)) =1 = wiv Slwemilx)) & &'(mp(wifx)).
honce we ot
(g (Wol %) (M%) = Wi (Mo (%) W/%)

§ (W (Wo/x)) & &'(wp 44, ) ool Were—ever
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§ (memolx)) & d(m)

So by twabhuyp. Hear exab m!, m! ek Hat

ns m"' (/X)) oaal ... anmol mtitz= W e (1)

Ju addibow, £y amocialively § aubdlilicHon we gk
oW (! () (W) %) o (o () Jx) = (i) = owl (W
So Ay lme 2 omoh MM ZE W ave gt (/%)= w . (2)
By () oot (1) Ghe (ol Tion op is proved..

ol b’g’var‘ "

D o Hhe cane m=x onal nE x4 A Lma .fa.'ub:) Luk we
com Ty to ovor cowe. Aads 4y for vauldlivg e peming §) He
Qmimo oy ¢ m (WA E WMWK amed  Smtn) & STty

MRl min 2 m whemever mE x or =X | omal  @x
charwnt , whear ¢ w A fiat ayndtet 5] n.

Rut a%ai.\,\ we oSt peve ot Q.M'[Aal(ts bd Yy Sowne
nason.. e frvualalions or imeclions do wet folal il
BIYIUTY- :

Counlarexample Ao Ha Lownma, terolary alsor&é\.m

Ret 2 (px = F 2 (gx=Ffqx
ax = 9 R* Gx=93%
q;x:—?«x Q%= "

Uam claowr-Ly

Zrowel T v alwclnol forue , omol Gex = QR Y  (Aecanse
{9, f0, fgq, 2ghaf ~[q, da, 50, g8} ) vl
=8@x) & &'(ex) =2,

Aud th s neither M cane dat @RXEPxX 4 XEQKX , Wer
At case Wt QAXEpx 4 Qx= P

Other oftowmpts that Faileel,
Ouner we Rowt dewowslraleot fhe Cucovrect e J& the dﬁorim_m e
cone loole. for oun Luaprovest versiswn . obviowrdy Ahe Live

() search for o ouch that  § (% .. @) = 5:(%,;)
o to be ceawﬁul. , ovaot a,cr.c'rauuglﬂ Livas (13),04). MWe could t\«j
(':7-.)‘. Agarch _-_@ wmiiwel (Ic, L) AMQH:’«_A_,_{ X(CR}"’Cﬁkm): 6'(56,'"'%“_“)



R Ry ® B qaf'... cg;'x i B sowe (kL) with 8(((2;.. ce,k’x)zﬁ*(‘g;'..giﬁ)

) & 52%:) R R =G

@ @ X PG K

nobich obould be sbuioutly Tany
omot Wy be Ahere exusts am arguwant ((acwplability § Z,2)
€y virlue §) wikeR Ahe Asui selool algoriHau Aholol A ninale,
Aot b oom m%uww wiuiel SMMLCM o Houwund :f%:(*
MWQ%&MMto be Tealeok -
However , for 4he Aenisileol algonthue (Lwe G) cs6-() , amal
Aimilr W Lke (1,00 ) e Bove Ao Sosllowing
Counlerexample Ao Akt exubkmer d ovch a. Bswmal -

S g O e SN Rmeettr e @ GRu w o~ ——

fot 2 ox = £(@ @ x, %) S (ex=Rex, )
cﬁ’x '.‘#(Ch*J 'L’x) CP';’X: .’e(cpt@z./xi ?7‘)

pr=F (%, px)
Dentle Ahe Alalen cuiring Ahe execuliow -63 AHe Lt EAT )

dotflud by Lo ) ) owadd dhe exprniows tobe Tolosl (Ao
owitiing the pucrfull Tats $=P amet % =), Thow Ahere
oL £w@£w&klj Waly /Sto.tm =) AR ferun

Al ¢ ok G@ = gl oM\n ¢= gogg"’qf], cggt;_"s goz“qf
odn & corvsten  Poa- A Cey

so that Hhore 1 ho boumal en 4k gl 8f @@= .
Fer

V@ w ez, Ahe nikad Alle e Twlivg 222
orel from ow AR 4 W) We et ANH) i powe  Aapd
2t [ohn g@lzgle oM gi=9gT 9], g8 5 ¢ ¢

&> LA gg=q'¢ » 1 Q@ =@, Q548 ¢
& L , oM iz g P T, VO, 8- .,
= A (A1) .

where

U = due lo &)=, S(@)=2, F@=2,8'@)=] A Winimal kL
0AR Vi, Wh| ) o el we SQA Abhe mm%ot:m acczmblu.g'to
er=f@pr, M €2 omel Y= FQQR, @K € 2

W > due to A §- velues, again Hhe maimiwald kL ylelol dhe
while expaomiows. The gerardleol expremions are alreasly
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\:M.Alb\.ﬂ. Lt EAT)/OOW +L-uj need Vot bmwmd ‘?LL\*W

%
Fonal U’:j ‘A oevemn WSt Tue Akt e%wva.uwu)"} Emd > il
or ruere gumavally, equivolemes o) Qo ¥ wiHe ¢ SING
Akl %wmtz.m Aot miwinal (kL) one ;f: (v, vy Ao —%ﬂt‘
© e om oddliH powak Aest

@) Adet fer () F (mn) with escape (paimdiNey ,Leave alsorﬂ-hm)
o A naliow orquwemt  coulol :

his b shewin b(j Yhe st couunlerexaraple, whare for Ahe
valid equivolewce @ x=@@x Mmecker gx=@x ner
FRREQ x wer @x= ¢@X —hustedl Trur

Cowclumerc .
A wewy  we are W& able to preve A d-aciala.uutd ﬂ-
v Wvoiw.u, & accaplable eriutg Aaﬁm

17
*) A oanw 2,2 & th leller cownlorexamyle are .

equiveleut s cam be orevest by e d} Ahu 'LLS’.M.A-L
For 3, A Kloome s Aefuamcr dor @ w (3 where

J?Lv) @ S° ‘F,’X @ ca'x _g@)___ W ﬁ(y) w B
29 < X {’?\‘”: w R o
s 8 400 o pERIRa |[5 w I £ B
F) g P £ g&) £ & {MH) WA .fw‘ Tw
owal for 3 we ok mmMj ~
9= Fgx = qu o -
if\@) = = g BEY = -Q.
{;M = $Y = £ PR ) ;{M = £ PR
ﬁw) g W * ,R(V«J(%w/,ﬁ) t‘f“) Lpx .'ﬁ(m) - f 'E\M)%)Q?)_V
Tor mbunte , Ahe st A 8] Al nas for T ore
?D): LS.
w‘f"" ffafaan

Cedtia fzﬁrri?ftwm«fmﬁﬁ *rafrar

//
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(et 1994)

Rewarle do  chapler 4 Lp te 4.3

Jw @ cliscenion e Rruws Couveelle af‘-&‘ PCWSo,&.Lu:f Hen
wormms cnipt (ve. dhe Eerst a3 pa.g,u)  ap eeeot fat He
ALBOr M SL— ?cub.«.\—c wan the poiuwd Haat e A2, A0 A‘K;{LM
Z aot T fod e o weeracl wibs owae /’)'—KIGAAA, " ower

3"= P+ 97'. AR ¥in n dowe e B nilabion Gk arecal lowwwnma
Aeutd be Lo Yo @:\'&t @rwlalaeu o (431 . The c%u.«'.ua(a,wu.
oTion = showtd toke boll expremiows & oue agdlovn S
b deod ) awexpremion § T ad ¥ Lofffoud rde amal oun
expremion 5} T ad e aipldfoveat sica

Qn.?v\»wc.u:
b3 B.Coucatle ool ) Uudlle bl v
ANGACT 193}y



